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Microstructure models of heterogeneous media

Length scales in heterogeneous media
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Microstructure models of heterogeneous media

Bridging length scales in heterogeneous media

» Averaging techniques (periodic homogenization, ...)

» PDE models with distributed microstructure

—_

Adrian Muntean

. two-scale models — A. Friedman, A. Tzavaras, P. Knabner
. distributed-microstructure models — R. E. Showalter and co-workers

(Walkington, Cook, Clark, Visarraga, ...) + M. Béhm, S. Meier

. dual- or double-porosity models — U. Hornung, W. Jager, T. Arbogast, ...
. two-scale models with freely evolving micro-interfaces — C. Eck., H.

Emmerich, P. Knabner, A. Muntean (2 scale phase-field models), S. Meier,
A. Muntean (2 scale fast-reaction asymptotics)
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Microstructure models of heterogeneous media

Typical two-scale geometry
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Microstructure models of heterogeneous media
oe

Locally-periodic distributions of perforations

T. van Noorden, A. Muntean , European J. Appl. Math. (2011)
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Microstructure models of heterogeneous media
[

Generic micro-model

uf =V - (DpVu© — guc)
q° = —KkVp* in Qp,
V-gc=0

v, =&V (D/Vv ) in Qf,

< (DaVu) = v - (DIV V)
uc = v© onTle,
g =0
u (x t) = up(x, t) r
“(x, 1) = gb(x, 1) 7
u (x 0) =vuj(x) inQj,
°(x,0) = vi(x) inQy,

Adrian Muntean
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Microstructure models of heterogeneous media
@0000

Basic ideas of the formal asymptotics

U (x, 1) = Uo(x,x/e, t) + eus(x,x/e, t) + (X, X /e, t) + ...
Ve, 1) = wo(x, X/, t) 4+ evi(x, x/e, t) + Eva(x, x /e, 1) + ...
G(x, 1) = qo(x,x/e t) +eqi(x,x/e, t) + Eqa(x, x/e, t) + ...
P (x,t) = po(x,x/e, t) + epi(X, X/e, 1) + €pa(X, X/, 1) + ...

VS

VG

Q;
Qp

Adrian Muntean

Lw,8/+ o)
Vo + evt + 0(62)>
{S(x,x/e) <0:x € Q},
{S(x,x/€e) >0:x € Q}
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Microstructure models of heterogeneous media
0@000

Micro-macro model

Ovo(x,y,t) = DIy vo(x,y,t) lyl < r(x), x € Q,
B (9(x)u0 + Jlycry Vo dy) -

divx(DnA(X)Vxuo — quo) for x € Q,
g=—K(xX)Vxpo for x € Q,
Vx-g=0 for x € Q,

Vo(x,y, 1) = to(x, 1) for |y| = r(x),

Uo(x, t) = up(x,t) for x €T,

g(x,t) = gu(x, 1) for x €T,

Uo(x,0) = u(x) for x € Q,
Vo(X,YaO)ZV/(X,Y) for |y|<f(X), x e
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Microstructure models of heterogeneous media
[e]e] le]e}

The porosity 0(x) of the medium is given by
0(x) =1 —nr¥(x),

while the effective diffusivity D(x) := (a;(x));; and the effective permeability
K(x) := (kj(x)):, are defined by

aj(x) == Dh/ dij+ 0y Ui(x, y, t) dy,
{yeullyl>r(x)}

and

ki(x) = / Vi(x.y. 1) dy.
{yeU|lyl>r(x)}
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Microstructure models of heterogeneous media
O00e0

x-dependent cell problems

AyU(x,y)=0 forall xeQ,yeY, |yl > r(x),
v - VyU(x,y)=—w-g forall x € Q, |y| =r(x),
Ui(x,y) y-periodic,

and
Vi(x,y) = Vymi(x,y) + g forall xeQ,yeY, |yl >r(x),
Vy-Vilx,y)=0 forall xeQ,yeY, |yl >r(x),
Vi=0 forall x € Q, |y| = r(x),

Vi(x, y) and mj(x, y) y-periodic,

forj=1,2.
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Microstructure models of heterogeneous media
[e]e]ele] ]

Micro-macro model

Ovo(x,y,t) = DIy vo(x,y,t) lyl < r(x), x € Q,
B (9(x)u0 + Jlycry Vo dy) -

divx(DnA(X)Vxuo — quo) for x € Q,
g=—K(xX)Vxpo for x € Q,
Vx-g=0 for x € Q,

Vo(x,y, 1) = to(x, 1) for |y| = r(x),

Uo(x, t) = up(x,t) for x €T,

g(x,t) = gu(x, 1) for x €T,

Uo(x,0) = u(x) for x € Q,
Vo(X,YaO)ZV/(X,Y) for |y|<f(X), x e
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Analysis of the micro-macro model

Reduced micro — macro model

0(x)0tu — Vx - (D(x)Vxt — qu) = — [,5,y vy - (DVyv)do inQ,

ov—DAyv =0 in B(x),

u(x, t) = v(x, y,t) at (x,y) € Q x 9B(x)
u(x,t) = up(x,t) at x € 09,

u(x,0) = u(x) in Q,

v(x,y,0) = vi(x,y) at (x,y) € Q x B(x)
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Analysis of the micro-macro model

Assumptions on data and parameters

(A1) Sp : Q x U — R, which defines B(x) and also the 1-dimensional
boundary Q x 9B(x) of Q x B(x) as

(x,y) € Q x 9B(x) if and only if Sp(x, y) =0,

is an element of C2(Q x U). Additionally, the Clarke gradient 9, Sy(x, y) is
regular for all choices of (x,y) € Q x U.
(A2)

0, D e L(Q),

g € L>(Q;RY) with V- g =0,

up € LT(Q x S) N H'(S; L3(Q)),

Op <0 ae. (x,1) e Q2 xS,

u € L(Q) N H;y,

vi(x,-) € L(B(x)) N Hp for a.e. x € Q.
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Analysis of the micro-macro model
[ Jele}

Functional setting

V1 = H(; (Q)a
Vo = L3(Q; H*(B(x))),
Hy == L5(9Q),

Ho = L2(Q; L2(B(x))).
If 0 < |B(x)|, |0B(x)| < oo, then the direct Hilbert integrals
LA(QH'(B(x) = {ue L*(QL*(B(x): Vyue L*(Q L*(B(x))}

12(0: H'(0B(x))) = {u:Qx 9B(x) — R meas. s. 1. /Q 1O oo < o}
are separable Hilbert spaces with distributed trace:

v L3 H'(B(x))) — L3(Q, L*(0B(x)))
given by

yu(x, s) == (U(x))(s), x € Q, s € OB(x), u € L3(Q; H'(B(x)))

Adrian Muntean CASA, TU Eindhoven (The Netherlands)
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Analysis of the micro-macro model
000

Definition (Weak formulation)
Assume (A1) and (A2). The pair (u, v), with u = U + up and where
(U, v) €V, is a weak solution if the following identities hold

/ 00:(U + up)o ok + /(DVX(U—i- Us) — QU + b)) - Vb dx =
Q Q

- // vy - (DIVyv)ga
8B(x)
/ Orvip dydx+/ DV - V) dydx = // -(DIVyv)¢ dodx,
Q JB(x) Q JB(x) BB(X)

forall (¢,9) e Vandt e S.

Adrian Muntean CASA, TU Eindhoven (The Netherlands)
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Basic estimates

Lemma

Let (A1) and (A2) be satisfied. Then any weak solution (u, v) of problem (P)
has the following properties:

(i) u>0forae.xcQandforallte S;

(i) v>0forae. (x,y) e Qx B(x)andforallte S;
(i) u< M fora.e.x e Qandforallte S;
(iv) v< M fora.e. (x,y) € Qx B(x) and forallt € S;
(v) The following energy inequality holds:

2 2
lullzs vy sty T VIS 2@ )AL (s:Hy)

2 2
+  NVxtllzgmy) + IVyVlizsxaxsw) < Cr-

N.B. Assume (A1), (A2). Then uniqueness of weak solutions holds.

Adrian Muntean

CASA, TU Eindhoven (The Netherlands)

Locally-periodic media



Analysis of the micro-macro model
@0000

Global existence

Theorem

There exists at least a weak solution of the micro-macro model.
Proof. (Sketch)

Schauder fixed-point argument in L2(S; L?(Q)) framework

Xi = L3(S; L3(Q)),

X = L2(S: Hy () N H'(S; L2(9)),

X3 := L%(S; Vo) N H'(S; LA(Q; L(B(x)))).
T:Xi > XiwithT:=Tz30T20T;.
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Analysis of the micro-macro model
0@000

Ti maps a f € X; to the solution w € X, of
/ 601U + )b O + /(Dvx(u+ Us) — G(U + Up)) - Vb dix = _/ f6 dx,
Q Q Q

for all ¢ € HJ(Q).
T> maps a w € Xz to a solution v € X3 of

// 6t(V+w)wdydx+// DVy(V +w) - Vyydydx =
Q JB(x) Q J B(x)
/ / vy - (DIV,(V + W) dodx,
Q JaB(x)

forally € Voand t € S.
Tsmapsave Xstof e X by

f= / vy - Vyvdo.
8B(x)

Lemma
T is well defined.

Adrian Muntean CASA, TU Eindhoven (The Netherlands)
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Analysis of the micro-macro model
[e]e] le]e}

Compactness step
Lemma
The operator T is compact.
Step 1. Use W : Q x B(0) — Q x B(x).
We call ¥ a regular C?-motion if W € C?(2 x B(0)) with the property that for
each x € Q

V(x,-): B(0) — B(x) := ¥(x, B(0))
is bijective, and if there exist constants ¢, C > 0 such that
c<detV,¥(x,y) <C,

for all (x, y) € Q x B(0). The existence of such a mapping is ensured by the
fact that Sy, € C?(Q x U), by (A1). If W is a regular C*>-motion, then

F:=VyVand J:=detF
are continuous functions of x and y.
VyV = FﬁTv}ﬂ,\A/, oV = atV,

/ v-jdo= | JF T, jdo.
9B(x) o

CASA, TU Eindhoven (The Netherlands)
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Analysis of the micro-macro model
O00e0

The transformed equation can be now written as:
Let w € Xz be given.
Find V € L3(S; L3(Q; H{ (B(0)))) N H'(S; L3(Q; L2(B(0)))) such that

// an(V + w)¢dedx+// JF ADF TV, (V 4+ w) -V, dydx =
Q J B(0) Q J B(0)

// Dy - (JFT'DIFTV(V + w))y dodx,
QJry

forall v e [3(Q; H}(B(0)))and t € S.

Denote by 'y the boundary of B(0).

Adrian Muntean CASA, TU Eindhoven (The Netherlands)
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Analysis of the micro-macro model
[e]e]ele] ]

Step 2. Interior and boundary regularity
Assume (A1) and (A2). Then Iy is C? and

V e L2(S; L2(Q; H*(B(0)) N Hy (B(0)))).

Step 3. Additional two-scale regularity
Assume (A1) and (A2). Then

V e L3(S; H'(Q; H*(B(0)) N Hy (B(0)))).

Step 4. Apply Lions-Aubin Lemma

Adrian Muntean CASA, TU Eindhoven (The Netherlands)
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Justification of the formal homogenization

Getting correctors: Basic idea

» (U, ve) solution vector for the micro problem
> (Uo, Vo) solution vector for the macro problem
> ug, V5, Uf macroscopic reconstructions

uy(x,t) = uo(x,t)
vo(x,t) = w(x,x/et)
ui(x,t) = u(x,t)+eU(t, x, x/e)Vug(x,t)

Adrian Muntean CASA, TU Eindhoven (The Netherlands)
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Justification of the formal homogenization

Justification of the formal asymptotics

Theorem
Assume (A1) and (A2). Then the following convergence rate holds

[|Ue = Ul oo (s,02(00y) + Ve = Vollioo(s,12(0-0.)) +

[[Ue — U] oo (5,1 @) T+ €llVe = Vol Lo (s 11 (@—q.)) < CVE

Adrian Muntean CASA, TU Eindhoven (The Netherlands)
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Justification of the formal homogenization
[

Outline of the proof for the corrector estimate

Step 1.

Write weak formulations for both micro and macro pbs. (the later in terms of
macro reconstructions)

Step 2.

Subtract the 2 weak formulations and choose suitable test functions

¢ = Uc—Up(x, t) +eU(t, x, x/e)Vug(x,t)
Vo= Ve— VY

Step 3. A technical lemma:
Prove that

1 .
IE/S €DV Ve - vepdo — V=B Vy'DZVyVo¢dU\ < cel|Y]lp

€

Step 4. Bookkeeping of ¢

Adrian Muntean CASA, TU Eindhoven (The Netherlands)
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Open issues

Open issues

Large-time behavior P
Analysis without fixing the x-domains

Computability in x-domains

A posteriori estimates (Is the lazy-man solution applicable?)
Strong scale separation vs. weak scale separation

0.
1.
2.
3.
4.
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Open issues

Open issues

5. Rigorous homogenization asymptotics for -dependent microstructures

6. Free micro interfaces? (and again: analysis, computability, scale
separation issues, boundary layers effects)
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Microstru dels of hete o he micro-macro mode on of the formal homoge Open issues
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