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0. Introduction
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Problems:
e Estimate the speed of carbonation

Experimental law:

Position of

carbonation front o<Vt
Aiki-Muntean (2011)

-1D model
-large time behavior of a free bound-
ary

e Formulate 3D model with hysteresis
(Aim of this talk)
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1. 3D model
Maekawa-Ishida-Kishi (2003) and Maekawa-Chaube-Kishi (1999)
(Moisture transport) and (Diffusion of CO»)

1.1. Moisture transport

p;. the density of water u. the concentration of CO»5 in water

¢. the porosity w: the concentration of Ca(OH)» in water

S: the degree of saturation q1 > 1,q0 > 1. constants

h: relative humidity K: the function of h

C}: positive constant ‘H: the relative viscosity
o [(K(h)¢?

pi~(¢S) — div FCip(1—S) | VA| = ¢S([u] )N ([w]1)%2.
ot H

A | | . K (h)

K :(0,1] — R is a continuous function such that lfi?(])T = Q.



1.2 Hysteresis of saturation 1.3 Relative viscosity
Maekawa-Chaube-Kishi (1999, p.79) Maekawa-Chaube-Kishi (1999, p.97)
S = S(h) : a hysteresis operator with n = H is a solution of ODE
anticlockwise trend 5
n=a(l+bH]),
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1.4 Our model CP
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Here, we simplify the above problem
K(h)

¢ = constant, S«h, Hxh, C;=0, g(h)= W(bz’ s = S.
We have:
pht — div (VG(h)) = sf in Q(T), (1)
st —VvAs—+0I(h;s) >0 in Q(T), (2)
h = hba S = Sy on S(T) L= (O,T) X 0S2, (3)
h(0) = ho,s(0) =sp  on €2, (4)

where G(r) = [{ g(s)ds for r > 0, v > 0, hy and s, are given functions on S(7T"),
ho and sp are initial functions, Q(T) = (0,7) x Q, 2 c RY is a bounded domain
with the smooth boundary 02 for N > 1.



Sx

ho
I(h;-) is the indicator function of the interval [f«(h), f*(h)], f« and f* are lower
and upper curves indicated in the above figure, respectively.

[0,00)  for r = f*(h),
oI(h;r) = <¢ {0} for fx(h) <r < f*(h),
(—o0,0] for r = f«(h).

s¢ + 0I(h;s) 3 0.
For the compactness: Approximation: s; — vAs+ 0I(h;s) 3 0.



1.5. Related results
1) Unsaturated flow through a porous

medium Visintin (1993)

P+ S)—V-[Vp+k(S)]=fin Q(T),
St +0I(p;S) >0
Kubo (2004): Global existence of a

solution, nO uniqueness
2) More realistic model

[]

St — V[k(S)(Vp+g)] = 0,5 = F(p),

k is a function, g is the gravity accel-
eration and F is a hysteresis operator.
Bagagiolo - Visintin (2000)

Existence of a weak solution, k >
C > 0, F is an approximation of the
Preisach operator by using a dynamic
relaxation term. NO uniqueness.

Bagagiolo - Visintin (2004)

the existence of a weak solution with
a generalized play operator . No
unigqueness.

Kordulova (2011) : a Preisach oper-
ator F and a positive and monoton-
ically increasing function  : R — R,
and showed the existence of a solu-
tion. NO uniqueness.

3) Colli-Kenmochi-Kubo (2001)

(cu 4+ Lw)t — Au = |,
wy — kAw + g(u, w) + 0I(u; w) > 0.
If x is sufficiently small, then a solu-

tion exists globally. The unigueness
holds in case k = 0.



1.6. Difficulties
(Continuous property of the hysteresis operator)
Roughly speaking, if

sit —VvAs; +0I(h;;s;) 20 in Q(T),i =1, 2,
then

|51 = s2lreo(Q(ry) < Clha = halre(q(r)-

(Nonlinearity)
Usually, we have: If

phiy — div (VG(h;)) = f; in Q(T),
then by using Ll-technique

|h1 — h’2|LOO(O,T;L1(Q)) < C1|fl — f2|L1(Q(T))-
In order to overcome these difficulties we apply the dual equation method:

|h1 — halpeo(gr)) < CT'(f1 — Folpeo(Qery)-



2. Our result

2.1. Assumptions

(Al) p is a positive constant.

(A2) G : (0,00) — R is continuous,
g(r) .= G'(r) is continuous on (0, c0),
g € C2%((0,00)) and g(r) > gg for r > 0,
where gg is a positive constant.

(A3) f € L°(Q(T)) with f > 0 a.e.
on Q(T).

(A4) fi, f* € C2(R) N W2>°(R) with
0 < fu < f* < s4 ON R, Where sy is a
positive constant.

ICOX ) e

(A5) wp,w, € W20, T; HY(Q)) n
L>®(0,T; H2(2)), up > kg and wy > 0
a.e. on Q(T).

ug, wo € HY(2) N L>®°(Q), ug > kg and
wg > 0 a.e. on Q with ug = u;(0) and
wg = w(0) a.e. on 9%2, where kg is a
positive constant.

Moreover, f«(ug) < wg < f*(ug) a.e.

on Q2 and f«(up) <wp < f*(up) a.e. on
S(T).
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2.2. Our Result

Let h and s be functions on Q(T') for 0 < T < oo.

We call that the pair {h, s} is a solution of CP on [0, T],

if the conditions (S1) ~ (S3) hold:

(S1) h,s € WL2(0,T; L2()) N L>°(0,T; H1(Q)) N L2(0,T; H2())
h >0 a.e. on Q(T).

(S2) (1), (3) and (4) hold.

(S3) There exists £ € L2(0,T; L%(2)) such that

£(t) € 0I(h(t);s(t)) for a.e. t € [0,T], and

st —VvAs+£=0 in Q(T).

Theorem (Kumazaki-Aiki(2011)) If (A1) ~ (A5) hold and v > 0, then CP has
one and only one solution on [0, T].

EXxistence: standard approximation method
Uniqueness: dual equation method Holmgren(1901)



3 Application of the dual equation method

Ji ‘given, 1 =1,2. Here, easily,

hag = Ay = fi In QLY. L1y = Tlélriqr):
Assume that n is a smooth function
with n(T) = 0 and n = 0 on (0, T) x OS2. /Q(T) phddt|

Then we have

/Q(T) h(n: 4 An)dadt]

/Q ) fndxdt|

Fles @yl Liery)
T1f Lo (eryl@lioery)-

_ h + An)dxzdt = dxdt.
0(T) (e n)dx /Q(T) fndx

Let ¢ be any smooth function.
Then there exists n such that

IA A

e+ An= ¢ in Q(T), Therefore,

n(T) =0,
n(t) = 0 a.e. on 9. Rl Leo(@ryy = CT | [Lo(q(r))-



